We calculate the subleading corrections to the thrust rate using Soft-Collinear Effective Theory to factorize the rate and match onto jet and soft operators that describe the degrees of freedom of the relevant scales. We work in the perturbative regime where all the scales are well above ΛQCD. The thrust rate involves an incomplete sum over final states that is enforced by a measurement operator. Subleading corrections require matching onto not only the higher dimensional dijet operators, but also matching onto subleading measurement operators in the effective theory. We explicitly show how to factorize the O(αsτ ) thrust rate into a hard function multiplied by the convolution of the vacuum expectation value of jet and soft operators. Our approach can be generalized to other jet shapes and rates.
I. INTRODUCTION
Jet shapes are examples of observables with multiple scales, which can give rise to logarithmic enhancements in the fixed order rate that ruin the perturbative expansion in the strong coupling constant. Effective Field Theories (EFTs) separate the scales by expanding in their small ratio and matching onto operators that describe the degrees of freedom at each scale. The logarithmic enhancements are then summed by using the renormalization group to run between the scales restoring perturbative control of the rate. The effects of the subleading corrections from the small ratio of scales are systematically calculated in the EFT by matching onto higher dimensional operators.
The appropriate theory for describing jet shapes with narrow jets is Soft-Collinear Effective Theory (SCET) [1] [2] [3] [4] [5] [6] [7] . Deriving factorization theorems that separate the scales is straightforward at leading order (LO) in SCET due to the explicit decoupling of the collinear and soft degrees of freedom. Subleading corrections to SCET have previously been used to study subleading corrections to B decays [8] ; however, jet shapes are complicated by kinematic cuts placed on the phase space. The goal of this paper is to demonstrate how to factorize the subleading corrections to jet shapes using SCET by considering the example of the thrust observable.
Thrust [9] is defined by
where Q is the initial energy, X is the final state, and the thrust axis t is the unit vector that maximizes i∈X | t · p i |. When τ 1 the final state is a pair of back-to-back jets with small invariant mass. Thrust is a convenient observable to illustrate how to calculate subleading jet shapes in SCET due to its simple phase space. We will concern ourselves only with e + e − → γ * → X in order * sfreedma@physics.utoronto.ca to reduce the contribution from initial state radiation and restrict ourselves to vector currents. It is possible to generalize to weak process but for simplicity, we will not consider axial currents in this paper. The LO in τ thrust rate was calculated using SCET in [10, 11] . The rate was written in the factorized form
where the convolution is defined in Sec. III. The LO rate was factorized by matching onto SCET and expanding the final state phase space imposed by (1) in the SCET power counting. The jet operators, J andJ, describe the physics at the intermediate scale √ τ Q, the soft operator, S, describes the physics at the soft scale τ Q, and the hard function, H, describes the physics above the hard scale Q. Factorization allows the large ln τ 's to be summed by separately renormalizing the jet and soft operators. This was done in [11] .
We are interested in extending the results of [10, 11] to include the O(τ ) corrections to the rate. We restrict our calculation to the perturbative regime when the soft scale is well above Λ QCD . We will ignore the effects of hadron masses, which have been discussed in [12] . We will show how the O(τ ) rate can be factorized as in (2) using SCET with the appropriate subleading jet and soft operators. The se subleading operators are generalizations of the LO operators, and properly separate the scales while having consistent power counting. We leave renormalizing these operators to a future work.
Understanding how to incorporate subleading phase space effects is important for writing a factorization theorem beyond LO. We will show how subleading phase space is accounted for in the effective theory by 1) consistent expansion of the cuts using the SCET power counting, and 2) insertions of subleading operators that account for the QCD momentum conservation expansion. Both these effects must be accounted for in order to calculate the O(τ ) corrections to the rate and reproduce the perturbative QCD result at O(α s τ ) in [13] .
The rest of the paper is organized as follows: in Sec. II we review the description of SCET in [7] and explain our reasoning for using this formulation over the formulation in [1] [2] [3] [4] [5] . In Sec. III we review the LO calculation and introduce the notation used in the rest of the paper. We calculate the O(α s τ ) rate in Sec. IV and demonstrate how to write it in a factorized form. We conclude in Sec. V. The full list of operators is reserved for the appendices.
For simplicity we use the notation
, andᾱ s ≡ α s C F /(2π) where C F = (N 2 C − 1)/(2N C ) for N C colours.
II. REVIEW OF SCET
Soft-Collinear Effective Theory describes the interactions between highly boosted and low energy degrees of freedom. Three types of fields are required for calculating thrust: n-collinear,n-collinear, and soft, which have characteristic momentum scaling 1 in terms of the SCET expansion parameter λ 1
respectively. The two collinear sectors describe fields that are highly energetic and moving in opposite directions, while the soft sector describes low energy fields. The SCET Lagrangian and operators are derived by expanding the interactions between the different fields in λ. Momenta denoted by k will be O(λ 2 )Q unless otherwise specified.
We will use the SCET formulation of [7] . In this formulation, soft and collinear fields are described by QCD in the absence of an external current. Therefore, the SCET Lagrangian is
which has no subleading contributions and each L m QCD will describe fields from the m sector only. The interactions between the sectors are contained in the external currents. The QCD vector current
is matched onto the SCET dijet operators
where the superscripts denote the suppression in λ and the ellipses represent higher dimensional operators. The operators and their tree-level matching coefficients
are found by expanding the diagrams in Fig. 1 in λ for n-collinear,n-collinear, and soft fields. At LO, the (anti-)quark must be (n-)n-collinear and the gluon can be either collinear or soft. The LO dijet
where n ·n = 2. operator is [7] 
with one-loop matching coefficient [14] 
and MS counterterm
The interactions between the different sectors are reproduced by Wilson lines defined in a representation R
with similar definitions for W
. The projectors P n = (/ n/ n)/4 and Pn = (/ n/ n)/4 are required from the expansion of the Dirac equation. The positions are defined as
and are necessary to conserve the appropriate components of momentum that respect (3). Each square bracket in (7) is a separately gauge invariant piece, which means the sectors explicitly decouple from one another. The physical interpretation of the operator is given in [7] . The next-to-leading order (NLO) dijet operators and matching coefficients were found in [7] and are reproduced in Appendix A. The operators are generalizations of the LO operator (7) with appropriate derivative insertions. For O(τ ) corrections to thrust, we will also need the N 2 LO operators, which are found by following the approach of [7] . These operators and their matching coefficients are also shown in Appendix A. Both the NLO and N 2 LO dijet operators explicitly decouple the sectors in the same way as the LO operator.
A more widely used formulation of SCET [1] [2] [3] [4] [5] separates the collinear momentum into p =p + k, where k ∼ λ 2 Q andp ∼ Q, λQ are the residual and label momentum respectively. The large label momentum is removed from all interactions leading to the Lagrangian being a non-local expansion of two-component spinors with soft and collinear fields explicitly interacting at NLO. Although, the formalisms of [1] [2] [3] [4] [5] and [7] are equivalent, they approach momentum conservation differently. This is important when cuts are placed on phase space such as for the thrust rate. In the approach of [7] , momentum is not conserved and the subleading O (δ) 2 operators in Appendix A account for the expansion of QCD momentum conservation using SCET momentum power counting. In the approach of [1] [2] [3] [4] [5] , label and residual momentum are separately conserved meaning momentum is exactly conserved. The equivalent action of the O (1δ) 2 operator comes from the subleading kinetic interaction [15] 
where ξ n,p is a two-component n-collinear spinor with label momentump, and P µ is an operator that pulls down label momentum. Insertions of this term into timeordered products is equivalent to expanding the on-shell condition (p + k) 2 = 0 in λ. These terms are not necessary for inclusive phase space calculations such as subleading B decays [8] . However, they will be important when cuts are placed on phase space such as in the subleading thrust rate and reproduce the action of the O (1δ) 2 operator in time-ordered products.
In this paper we choose to use the formalism of [7] . The Lagrangian of [7] has simpler Feynman rules and only one insertion of O (1δ) 2 is required instead of an insertion of L (1) ξξ for each collinear field. The explicit decoupling of sectors at the operator level also makes it easier to derive a subleading factorization theorem.
III. LEADING ORDER CALCULATION
The LO thrust distribution was calculated using the approach of [1] [2] [3] [4] [5] in [11] and was written in the factorized form (2) . In this section we review the calculation using the formalism of [7] , which gives an equivalent form of the answer. In the next section we generalize this description to calculate the O(τ ) rate.
The thrust rate is the cumulate of the distribution
where Q µ = (Q/2)(n µ +n µ ) is the momentum of the incoming photon and σ 0 is the Born cross-section. The measurement operator, M QCD (τ ) [10, 16] , acts on states |X
to project only those final states that give a thrust value τ . When taking the cuts of diagrams, the function M QCD (τ, {p X }) generates the appropriate phase space by restricting the momentum of the particles {p X }.
To factorize the rate, we first match the QCD currents and measurement operators onto SCET dijet and measurement operators. The matching of the QCD currents onto SCET dijet operators was discussed in Sec. II. The QCD measurement operators are matched onto SCET measurement operators in a similar manner
where the superscripts refer to the suppression in λ. The SCET measurement operators are found by expanding the thrust constraints implemented by M QCD using the SCET momentum scaling (3). Thrust is measured with respect to the thrust axis, t, defined below (1) . The definition of the thrust axis in SCET has an expansion in λ and is written as t = t (0) + O(λ 2 ). The SCET momentum power counting defines the LO thrust axis t (0) = − n [10], where we have chosen the − n axis to be exactly along the total n-collinear momentum (i.e. pn ⊥ ≡ 0). The overall sign of t is unimportant as seen in (1) . The sectors decouple in the LO measurement operator [10, 11] 
s (τ s ) (16) because the thrust axis is independent of any individual particle. The convolution above is defined as where the sums are only over the momentum in each sector. We have defined
as the total soft momentum in the ± t hemisphere. The LO definition is
where in both (19) and (20) the sum is over all soft particles. The d = 4 − 2 dependent prefactors in the collinear sectors come from choosing the collinear fields to be in the n µ andn µ directions. At LO these prefactor have no affect, but are important for the O(τ ) corrections.
By matching the QCD operators in (13) onto the SCET operators, the LO thrust rate is written as
where the O(τ ) corrections will be calculated by the subleading in λ operators. The rate is factorized by matching above the operator product onto jet and soft operators
with matching coefficient C (0) . As usual, the superscripts on the jet and soft operators refer to their suppression in λ. The rate can then be written in the desired factorized form
where the hard function is the product of the matching coefficients,
The explicit decoupling of n-collinear,n-collinear, and soft degrees of freedom in the dijet and measurement operators makes finding the appropriate jet and soft operators straightforward. Using the Fierz identity to separate the spin and colour indices, we find the operators are
where the trace is over spins and colour. These operators give the same Feynman rules as those found in [11] . The matching coefficient in (22) is most easily found by comparing the vacuum expectation value of both sides. The real emission contributions to the one-loop vacuum expectation value of J (0) and S (0) are pictured in Fig. 2 . They are calculated by cutting the diagrams along the vertical dashed lines and applying the measurement operator to the fields passing through this cut [11] . The virtual diagrams are scaleless and thus zero in MS. The vacuum expectation value of the jet and soft operators are [11] 
where we have included the zero-bin procedure [17] , which accounts for the double counting between the collinear and soft operators. The matching coefficient C (0) (µ) = 1 [11] meaning the hard function is
As expected, the jet and soft operators separate the √ τ Q and τ Q scales. The hard function describes the physics above the cut-off Q, of the effective theory.
Matrix elements of the jet and soft operators also do not need any further expansion in τ . This is required to ensure that operators of different orders do not mix. We note that this is different than the results in [18] , which considered the exclusive JADE two-jet rate at LO. This rate has the same O(α s ) phase space as the thrust rate in QCD. In [18] , the phase space was not consistently expanded in λ and an expansion in τ was required after the phase space integration. A subleading zero-bin procedure is necessary to ensure that the LO operators do not contribute to subleading corrections. In this paper and in [11] , the measurement operator is consistently expanded in λ so matrix elements of the jet and soft operators automatically have consistent power counting.
The thrust rate at O(α s τ 0 ) is calculated by substituting the hard function and the vacuum expectation values of the jet and soft operators into (23). The rate is found to be
which reproduces the rate found in perturbative QCD at this order [11] . By separately renormalizing the jet and soft operators the large ln τ 's were summed in [11] . In the next section we follow the same procedure to find the O(α s τ ) correction to the rate and write it in a factorized form analogous to (23).
IV. NEXT-TO-LEADING ORDER CALCULATION
The results are extended to include the O(τ ) corrections by systematically matching the QCD current and measurement operator in (13) onto subleading SCET dijet and measurement operators. The O(τ ) thrust rate in SCET is written as
From the LO calculation λ ∼ √ τ , so we need the O(λ 2 ) SCET operators as illustrated by the constraints on the sum. One can explicitly check that the O(λ) corrections, which would give O( √ τ ) corrections, vanish. As in the previous section, we want to write (28) in a factorized form by matching onto subleading jet and soft operators. These operators will be generalizations of the LO operators and their matrix elements must have a consistent power counting in τ as in the LO case. We will only do the tree-level matching, which is all that is necessary to calculate the O(α s τ ) rate. The subleading dijet operators are written in Appendix A and explicitly decouple the sectors. We must also find the subleading measurement operators, M (1,2) (τ ) in (15) . We will show in the next section that the action of the subleading measurement operators also decouples the sectors, analogously to (16) . The explicit decoupling of the sectors in the dijet and measurement operators makes writing the rate in the desired factorized form in Sec. IV B straightforward.
A. Measurement Operator
The action of the subleading measurement operators are found by first expanding the definition of the thrust axis and then finding this expansion's effect on the measurement of thrust. The thrust axis is defined as the unit vector that maximizes the sum below (1). The sum is maximized when the thrust axis is in the direction of the hemisphere with the largest three-momentum, p +t [10] . Therefore, the thrust axis is written in SCET as the expansion
where the superscripts refer to the suppression in λ.
In order to find p +t , we first note that the n-collinear andn-collinear particles are always in opposite hemispheres. SCET momentum power counting enforces this at LO and the zero-bin procedure will enforce this at all orders in λ. Therefore, the total momentum of the hemisphere will be
where p μ n is the totaln-collinear momentum and k µ +t is the total soft momentum in the + t hemisphere as defined in (19). The expansion of (19) and (29) allows us to iteratively solve for both t (i) and k
±t . The subleading corrections to the thrust axes are
where k − n is the totaln-collinear momentum in the n µ direction. The subleading correction to the total soft momentum in each hemisphere
is found by inserting the t (2) into (19). The first equality above is because the sum of the soft momentum in the two hemispheres must be O(λ 2 ).
We note we could have instead used − p +t = p n + k −t in (29), where p n is the total n-collinear momentum and k −t is the total soft momentum in the − t hemisphere. However, the definition in (30) is simpler due to our choice of n in Sec. III such that pn ⊥ = 0. The apparent asymmetry in the labelling of n µ andn µ in the resulting phase space will be accounted for by the O The subleading measurement operators are found by substituting the corrections to the thrust axis into (1). We first consider the contribution from an n-collinear particle with momentum p i . As discussed in the second paragraph of this section, E i + p i · t is always the minimum for each n-collinear particle. Therefore, the n-collinear sector contributes
(33) to the thrust, where the sum is only over n-collinear particles. The first term reproduces the action of the LO measurement operator in (18) . The t (2) term gives the NLO correction and the first term of t (4) in (31) gives the N 2 LO correction. This power counting is due to p ⊥i ∼ O(λ)Q for n-collinear particles. The contribution to thrust from then-collinear particles is found in a similar way. Here, the E i − p i · t is always the minimum so then-collinear sector contributes
where the sum is only overn-collinear particles. The first term is the LO contribution and the second term is the N 2 LO contribution. There is no t (2) term because we have set pn ⊥ = 0 by our choice of n.
Unlike the collinear particles, soft particles can be in either hemisphere. The minimum of E i ± t· k i is determined by which hemisphere the soft particle is in. Therefore, the soft sector contributes
to the total thrust. The first line is the LO contribution in (18) and the remaining terms are all N 2 LO. The action of the subleading measurement operators is found by Taylor expanding the contribution to thrust in λ. We incorporate the NLO and N 2 LO corrections from the collinear sectors in (33) and (34) by writing the action of the subleading measurement operators as
M (2na) comes from the second term in the expansion of the NLO correction in (33). The N 2 LO corrections from the soft sector in (35) are incorporated by the subleading measurement operators
where
The p + n in the action of the soft measurement operators M (2s±t) are introduced to cancel the p + n in (32). The actions of the measurement operators (36) and (37) define the NLO and N 2 LO measurement operators
As the brackets suggest, the sectors explicitly decouple in the action of the subleading measurement operators. This is due to the corrections to thrust depending only on the total momentum of each collinear sector and not any individual particle. While it is possible to formally write the subleading measurement operators using the energy-flow operator [10, 11] and not just their actions in momentum space, we see no reason to do so: only their actions in momentum space are necessary in calculations.
We note that the measurement operators in this section are found using the formalism of [7] and would be different if we used the SCET formalism of [1] [2] [3] [4] [5] . It was suggested in [10] the subleading measurement operators could be found using the subleading terms in the SCET Lagrangian of [1] [2] [3] [4] [5] . While we do not explicitly check this, we note that the breaking of the explicit decoupling of soft and collinear fields in the subleading Lagrangian would complicate factorization.
B. Factorization
The explicit decoupling of the sectors in the subleading dijet and measurement operators makes it straightforward to factorize the subleading corrections to the rate. In order to factorize the rate, each operator product in (28) is matched onto the appropriate jet and soft operators
with matching coefficients C
. The last line is made N 2 LO by the explicit τ in front. The integer α ≥ 1 labels the combination of jet and soft operators and we require i + j + k = 2 = l + m + n. The O(τ ) rate can then be written in the factorized form
where the hard functions are defined as
This generalizes the LO factorization (23) to incorporate the N 2 LO corrections and is the main result of our paper. While it is possible to calculate the O(α s τ ) rate directly from (28), the factorized form will allow the jet and soft operators to be renormalized separately.
Below we will use a few examples to demonstrate how the jet and soft operators in (39) are found. The full list of operators and their matching coefficients are found in Appendix B. For the sake of brevity, we only write those operators that contribute to the O(α s τ ) rate. We omit the phase space integrals when calculating matrix elements of the operators to avoid overbearing the reader.
A) i = 1a n , j = 1b n , k = 0 : The operators are found in (A2). The left-hand side of (39) is
n (x ∞s n , 0)ψn(0)
⊥ is defined in Appendix B. The 1/Q's come from the definition of the operator expansion (6) and the negative sign comes from taking the hermitian conjugate. The square brackets denote the separately gauge invariant pieces of each sector. As for the LO factorization, we use the Fierz identity to separate the spin and colour indices and match onto the appropriate jet and soft operators C (1an,1bn,0) 1
The LO operators J (0) ,J (0) and S (0) are defined in (24) and the subleading jet operator is
The operator is suppressed by λ 2 due to the derivative insertions. The vacuum expectation value of this operator is shown in Fig. 3 .
In order to find the matching coefficients, we calculate the vacuum expectation value of (42) and (43). The Feynman rules for the dijet operators were written in [7] , and we find the vacuum expectation value of (42) is
The vacuum expectation values of J (0) ,J (0) , and S
were found in (24) and the diagrams in Fig. 3 lead to
Here and in the calculations below we have included the zero-bin procedure. As expected, the matrix element of the J (2abn) operator is suppressed by τ ∼ λ 2 compared to the LO jet operator. The matching coefficients are found to be C 
Therefore, the contribution of (42) to the rate can be written in the factorized form (40), with the appropriate subleading jet operator.
is shown in (A4) and accounts for the matching of QCD momentum conservation onto SCET momentum conservation at O(λ 2 ). The contribution where j = 2δ n in (39) means taking O (2δn) 2 (0), which vanishes due to the explicit x dependence in the dijet operator. As in the previous example, we use the Fierz identity to factorize the contribution from this operator and match onto
= C (2δn,0,0) 1
where the new jet operators are
The derivatives in J (2δn) pull down the O(λ 2 ) component of the n-collinear momentum leading to a λ 2 suppression compared to the LO jet operator. The
is put intoJ (0δn) because only then-collinear fields depend on this coordinate. We have introduced the Q's so the operators will have the correct mass dimensions. The diagrams of the vacuum expectation value of J (2δn) andJ (0δn) are the same as the diagrams of the vacuum expectation value of J (0) andJ (0) in Fig. 2 . As before, the matching coefficient is most easily determined by comparing the vacuum expectation value of both sides of (48). The explicit x − in both O n of (18) . Therefore, the vacuum expectation value of the left-hand side of (48) isᾱ
and the vacuum expectation value of the jet operators are
Comparing both sides of (48) we find the matching coefficients are C n gives an extra term in (50) when it is analytically continued to d = 4 compared to 0|J (0δn) |0 , which has no poles at d = 4. The contribution of this operator product is thus factorized in the form of (40) with hard functions
Again, the matrix elements of the jet operators have the appropriate power counting and the logarithm in (51) is minimized at the jet scale, as expected.
As a final example, we show an insertion of the subleading measurement operator. The contribution of the NLO measurement function, k = 1n, vanishes at O(α s ) unless i = 1δ s . This contribution accounts for the phase space we neglected at LO due to not conserving soft momentum. We factorize this operator product by matching
The decoupling of the sectors in M (1n) means the NLO measurement operator can be treated identically as the LO measurement operator in (22) and gets pulled through when we use the Fierz identity. Therefore, the appropriate jet and soft operators are
The explicit
is put into J (−2δsMn) because we chose the n axis such that pn ⊥ ≡ 0. The p µ n⊥ in M (1n) n acts as a total derivative at the cut so becomes a derivative at infinity 2 . We have also used the identity [3, 6] be enhanced compared to the LO jet operator. However, it is always convoluted with S (4δsMn) ∼ λ 4 , meaning the contribution to the rate will be O(λ 2 ) as expected. The diagrams for the vacuum expectation value of the jet and soft operators have the same picture as Fig. 2 and give 
(57)
This example shows how the decoupling of the measurement operators makes it straightforward to factorize their contribution.
The factorization of the rest of the subleading dijet and measurement operators follows in the same way as the above examples. The explicit decoupling of the sectors makes finding the jet and soft operators a matter of using the Fierz identity to separate spinor and colour indices. The required jet and soft operators are written in Appendix B. These operators are generalizations of the LO operators found in Sec. III. The matching coefficients are found by comparing the vacuum expectation values of (39). These matrix elements are pictured in Fig. 4 of Appendix B and their values are shown in Table I of the Appendix. The appropriate matching coefficients are shown in Table II. Combining the results of this Table, we find the O(α s τ ) rate is
We can compare these results with those found using perturbative QCD in [13] . Although the results in [13] are for the exclusive two-jet rate using the JADE algorithm, the O(α s ) QCD phase space is the same as the phase space for thrust, as mentioned above. Therefore, the full O(α s ) result calculated in [13] can be compared to (58). Summing the τ ln τ 's requires renormalizing the jet and soft operators, which we do not do here.
V. CONCLUSION
We have shown how to systematically calculate the O(τ ) corrections to the thrust rate in the perturbative regime using SCET. The rate was factorized and written as the convolution of the vacuum expectation value of jet and soft operators. Each operator has consistent power counting and depends on a different scale associated with the rate. The appropriate jet and soft operators are found in this work, as well as the matching coefficients. The O(α s τ ) rate was calculated and reproduced the rate found using perturbative QCD.
The rate was factorized by matching the QCD currents and measurement operators onto SCET dijet and measurement operators, which in the formulation of [7] , explicitly decouple the n-collinear,n-collinear, and soft degrees of freedom. The non-local product of the dijet and measurement operators were then matched onto jet and soft operators that separately describe each of these degrees of freedom. The approach illustrated here can be applied to other jet observables to calculate subleading corrections. We are currently exploring subleading corrections to the continuous angularity observables of which thrust is an example.
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Appendix A: Dijet Operators
The LO dijet operator was given in (7) . In this section we write the NLO and N 2 LO dijet operators necessary for calculating the O(α s τ ) thrust rate. They are found by following the SCET formulation of [7] . The NLO corrections to the n-collinear sector are described by the operators [7] 
The covariant derivatives are defined as D µ = ∂ µ − igA µ and the gauge fields are in the same sector as the fields the derivative is acting on. The m th -sector field strength tensor denoted as G µν m . For the corrections to then-collinear sector, the two operators required are [7] 
See [7] for the Feynman rules and physical pictures of these operators. The matching coefficients are
The operators describing the N 2 LO corrections to the n-collinear sector are found in the same way as the NLO operators. The operators are
with matching coefficients
is required because of the definition in (6). The operators describing corrections to then-collinear sector are
with matching coefficients the same as their n-collinear counterparts. The intuitive picture of these operators is similar to the pictures presented in [7] . The NLO corrections to the soft sector are described by the operators [7] O (1cns) 2
The Feynman rules of these operators are given in [7] . The N 2 LO corrections for soft gluon emission are
The corrections from the expansion of the momentum conserving delta function are described by with matching coefficients
We do not require the N 2 LO corrections from soft quark emission for an N 2 LO calculation. As expected, the subleading operators can be written as separate n-collinear,n-collinear, and soft pieces. The Feynman rules for the LO and NLO operators at O(α s ) were shown in [7] . For the sake of brevity, we do not show the N 2 LO Feynman rules here. We are only concerned with vector currents in the above calculations, so Γ = γ µ .
for the Dirac matrices. We have defined γ
For use later, we aslo define αβ ⊥ = n µnν αβµν . The jet and soft operators will be parity even scalars due to only considering vector currents.
The leading order jet operators required at O(α s ) are
Although J (0cnsδs) has a D ⊥ suppression, there is an enhancement by an explicit x ⊥ so the operator is LO. The vacuum expectation value of the operator J (08) is shown in Fig. 4a . The other operators have the same diagrams as Fig. 2 with the appropriate derivative insertions. The Q's are introduced by dimensional analysis. There are also the enhanced jet operators where the derivatives act at the cut. These operators are always associated with O(λ 4 ) soft operators so do not give an enhancement to the thrust rate. We have neglected the contribution from M (−2na) because it vanishes at O(α s ). The required N 2 LO jet operators are
n (xn, xn + tn)
and their hermitian conjugates. The vacuum expectation value of J (2abn) was pictured in Fig. 3 . Although J (2e) and J (2f ) look complicated, they have simple diagrams shown in Fig. 4b . The γ 5 in J (2An) is necessary because αβ ⊥ is parity odd. The vacuum expectation value of these operators are shown in Table Ia. TheJ operators are similar to the J operators. The leading order operators arē
n (x ∞s n , tn)ψn(tn)
There is only one enhanced operator that needs to be considered
n (x ∞s n , 0)ψn(0).
The N 2 LO operators arē
n (x n , x
n (x ∞ n , tn)g
n (tn, 0)ψn(0)
n (x ∞ n , 0)ψn(0)
The diagrams are similar to those found for the J operators. For example, J (08) is the horizontal reflection of Fig. 4a . The vacuum expectation values of these operators are shown in Table Ib . The difference in the requiredJ operators compared to the J operators is because we have chosen the n axis to be anti-parallel to then-collinear sector.
The leading order soft operators are
n (x ∞s n , 0)Y 
where the p + n cancels in the definition of k (2) +t in (32). The contribution from the other measurement operators in (37) vanish at O(α s ).
There are also N 4 LO operators that contribute to the N 2 LO rate due to convoluting with enhanced jet operators. These operators are
n (x ∞s n , 0)
The vacuum expectation value of the soft operators are shown in Table Ic . The operators in Appendix A are matched onto combinations of the operators in this section. The matching coefficients are found by taking the vacuum expectation value of both sides of (39) and are shown in Table II. Using  this Table and Table I the O(α s τ ) rate in (58) can be calculated.
